Coherent population oscillation from a Fermi atom-molecule dark state 
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We show that a robust macroscopic atom-molecule dark state can exist in fermionic systems, 
which represents a coherent superposition between the ground molecular EEC and the atomic BCS 
paired state. We take advantage of the tunability offered by external laser fields, and explore this 
superposition for demonstrating coherent oscillations between ground molecules and atom pairs. We 
interpret the oscillation frequencies in terms of the collective excitations of the dark state. 
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Association of ultracold atom pairs into diatomic 
molecules via Feshbach resonance 1] or photoassociation 
0, has made it possible to create coherent superposi- 
tions between atomic and molecular species at macro- 
scopic level. This ability is the key to applications that 
employ the principle of the double pulse Ramsey interfer- 
ometer [1] for observing coherentpopulation oscillations 
between atoms and molecules 0, d, |g] . A particular kind 
of state, the atom-molecule dark state, has been theo- 
retically proposed [7, _8J and experimentally observed @ , 
where population is trapped in a superposition between 
atom pairs and deeply bound molecules in the electronic 
ground state. Destructive interference leads to the van- 
ishing population in the excited molecular level. Such a 
state is the generalization of the usual atomic dark state 
that lies at the heart of many exciting applications, in- 
cluding electromagnetically induced transparency, slow 
light propagation and precision spectroscopy [l^]- So 
far, the macroscopic atom-molecule dark state has only 
been studied in bosonic systems. The purpose of this 
paper is to show that, under proper conditions, an atom- 
molecule dark state also exists in fermionic systems, but 
with quite distinct properties compared with its bosonic 
counterpart. 

To be specific, we consider a homogeneous atom- 
molecule system where an excited molecular level |m) 
is coupled both to a ground molecular level \g) (bound- 
bound coupling) by a coherent laser field, and to two 
free atomic states of equal population labeled as |t) 
and II) (bound- free coupling) via, for example, a pho- 
toassociation laser field. At zero temperature, bosonic 
molecules all condense to the zero-momentum state, 
whereas fermionic atoms are of multi-momentum modes 
in nature due to the Pauli principle, and are thus 
described by momentum continua of different internal 
states. This difference has two important ramifications. 

The first one is related to the formation of the dark 
state. As is known, two necessary ingredients for cre- 
ating a macroscopic atom-molecule dark state are the 
coherence between its components and the generalized 
two-photon resonance which, unlike in the linear atomic 



model, becomes explicitly dependent on the atomic mo- 
mentum. For bosons at zero temperature, since they all 
occupy the same zero-momentum mode, properly tun- 
ing the laser frequencies can make all the bosons satisfy 
the two-photon resonance simultaneously. However, for 
fermions, because of the existence of the fermi momen- 
tum sea, the same technique can only render a limited 
number of atoms with the "right" momentum to satisfy 
the two-photon resonance. Hence a macroscopic dark 
state involving all the particles in the system does not 
seem to be possible for fermions. This difficulty can 
be circumvented when the attractive interaction between 
atoms of opposite spins results in a fermionic superfluid 
state that can be regarded as a condensate of atomic 
cooper pairs. As we shall show below, such a fermionic 
superfluid, together with the ground molecule conden- 
sate, can now form a macroscopic dark state under the 
two-photon resonance condition. 



The second ramification of the momentum continuum 
is related to the collective excitation of the dark state. 
The excitation spectrum of the fermionic system is far 
more difficult to analyze than its bosonic counterpart. 
The zero-temperature spectrum of the bosonic system is 
discrete [1]. In contrast, the spectrum of the fermionic 
system is made up of both a discrete and a continuous 
part, and hence can be regarded as the nonlinear analog 
of the Fano- Anderson type of models in linear atomic and 
condensed matter systems [TT||. As we demonstrate later, 
this analogy significantly simplifies our understanding of 
the excitation spectrum while at the same time enables us 
to gain profound insights into the dynamical properties 
of the fermionic dark state. 



Let us begin with the mean-field Hamiltonian 12] writ- 
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ten in the frame rotating at the laser frequency: 

k,o- 
k 

+ ^ 5'^'/= (^maU,T"-k,i + ^-c) > (1) 
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where ak.o- is the annihilation operator for an atom of 
spin cr(=t or J,), having momentum Kk and kinetic en- 
ergy efc — ?i^fc^/2m, bm^g the annihilation operator for 
a bosonic molecule in state |m) or jg). We have ne- 
glected the Hartree mean-field potential as it is usu- 
ally weak for typical parameters. Here, V is the sys- 
tem volume, So and fio {i^o and g) are respectively 
the detuning and coupling strength of the bound-bound 
(bound-free) transition, (pk = exp [— fc^/(2iir^)] is the 
regularization function providing momentum cutoff, and 
A = ~U J2'kVk {a-'k,io,-k,l) /V is the gap parameter. 
The collisional interaction potential between atoms of 
opposite spins and the atom-molecule coupling are given 
by ;7(k- k') = Uipk^Pk' and g (k) = gipk, respectively, 
where U and g are momentum independent. Evidently, 
Eq. ^ preserves the total atom number N = 2{{blj^bm) + 

(^jM) + 2Ek(<T<T)- 

The dynamics of the system is governed by the Heisen- 
berg equations of motion for operators. By replacing 
bose operator bm,g with the related c-number Cm.g = 



{bm,g)/VV and fermi operator au^a- (t) with Uk{t) and 
Vk (t) through the Bogoliubov transformation 
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with \uk {t)\^ + \vk (t)\^ — 1 and Q;k,<T being fermi quasi- 
particle operators, we obtain the following equations 

He 



ih- 
dt 

dt 



voc,n + - —A, 

{So + Vo)Cg + -l^Cm, 



= -CfcUfc + '/'fe (5 c„ - A ) Vk, 
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FIG. 1: (Color online) (a) |cg| /n, ^ 
of Qq. The dark state solution at fio 
by the vertical line where |cg| jn — 0.067 
and A" = 0.17 



and A" as functions 
- 4.1 Ef is indicated 
•9 1 - 0.067, p. = 0.87 Ef, 
(b)-(d) The ground population dynam- 
ics where (b) = -4.32 Ef, (c) vq = -2.88 Ef, and (d) 
fc'o = 0.00 i^F- The insets are the Fourier spectra of the cor- 
responding population dynamics after t = ts = 126.65h/ Ef ■ 
We have used the following parameters: Uo ~ —28.39 Ef /k%, 

go = -15.68 £f //cf ^, n = 0.034 and Kc = 14.4fcF, where 
Ef and kF are the fermi energy and momentum, respectively. 



where quantities with superscript s are time- 
independent. Inserting this stationary ansatz into 
Eqs. ^ and searching for solutions with = 0, we find 
that such a dark-state solution indeed exists as long as 
the generalized two-photon resonance condition 



where we have assumed that the state of the system is 
the quasiparticle vacuum annihilated by dk.cr- 

The stationary solutions to Eqs. ^ have the form: 

cm.^g {t) = , A (i) = A^ e-^2Mt/r. ^ 

uk (t) = ul e^^'i^ e^^^i^ , Vk (t) = vi e^^^i^ e-*'^*/'' , 



(^0 + t'o = 2/z , 



(4) 



is satisfied. Such a solution is given by \u\^ = 1 — \vf,\^ = 



{Ek + €k-fi) /2Ek, Ek = V (ffe - + l^'l where 
/I, A* and are determined from the following equations, 
representing, respectively, (a) the destructive interference 
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condition leading to vanishing population in \m) 
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(b) the gap equation 
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(5) 
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and (c) the conservation of particle number 
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Pdk . (7) 



Equation ^ in particular demonstrates the coherent na- 
ture of the dark state: for a normal atomic Fermi gas 
(A'' = 0) which does not possess phase coherence, such 
a state is impossible as Eq. ([5]) would imply vanishing 
population in the molecular level \g) (c* = 0). 

An example of the dark state solution obtained by solv- 
ing Eqs. self-consistently is shown in Fig. [IJa). To 
remove the ultraviolet divergence in the gap equation ([6]) , 
we have followed the standard renormalization procedure 
to replace U by FC/g, where Uq is the physical two-body 
atomic collisional strength. Here F = 1/ {1 + UqU~^), and 
U^^ = -mKc/ {^TT^/'^h^) [III- Further, by replacing g 
with Tg^ while keeping the rest of parameters unchanged, 
we can easily show that our results become independent 
of Kc. Figure [T]Ja) displays the ground molecular pop- 
ulation of the dark state |CgP, the corresponding chemi- 
cal potential /i, and the gap parameter A" as a function 
of the bound-bound coupling strength IIq- In the limit 



rio/(5ov^) ~^ have 



and all the popula- 



tion is in a pure BCS atomic state; while in the opposite 

I 1 2 

limit of f2o/(5o-\Ai) 0, \Cg\ 0.5 and all the popu- 
lation are in the ground molecular state. Thus, in prin- 
ciple, we can adiabatically convert the BCS atom pairs 
into ground molecular EEC or vice versa by controlling 
the ratio flo/go^/n in the spirit of STIRAP [Ti |. 



Our use of STIRAP here is, however, for preparing a 
superposition which is a prerequisite for demonstrating 
coherent oscillations in fermionic systems [H, [H, [13, [ll] ■ 
Starting from t — with a pure atomic BCS state at a rel- 
atively large flo, we adiabatically decrease ilo to 4.1 Ep 
a,t t — tg [indicated in Fig. [Hb)-(d)] while maintaining 
the two-photon resonance condition ([4]) through a proper 
chirping of the laser frequency Q . At i = t^, a dark state, 
which is indicated by the vertical lines in Fig. [TJ is then 
formed with about 14% of the atoms now converted to 
ground molecules. Next, immediately after t = t^, we 
suddenly change flo from 4.1 to 4.6 Ep and then keep it 
fixed for later time, while fixing all other parameters at 
their respective values at ts- The dynamical response of 
the system is illustrated in Fig. [ijb)-(d), which display 
the ground molecular population as a function of time as 
obtained by solving Eqs. ([3]). 

From the dynamical simulation, we see that the sys- 
tem follows the dark-state solution up to t = ts, after 
which, the sudden change of flo induces oscillations in 
the population. Note that although the dark-state so- 
lution is not explicitly dependent upon the detunings 
So and vq, which must satisfy Eq. ([U, the population 
dynamics for t > does depend on their specific val- 
ues. Several conclusions can be drawn from Fig.[IJb)-(d). 
First, the atom-molecule dark state is robust as, after a 
sudden "shake" at ts, the system oscillates around its 
steady state. Second, the population oscillation occurs 
between the ground molecular state \g) and the atomic 
state, while the excited molecular population (not shown 
in the figures) remains negligible. Third, the oscillations 
arc dominated by two frequencies whose values depend on 
the detunings as indicated by the corresponding Fourier 
spectra shown in the insets. 

To better understand these oscillations and gain in- 
sight into the dark states, we calculate the collective 
mode frequencies by linearizing Eqs. ^ around the dark 
state solution. This procedure leads to a transcendental 
equation for the collective mode frequency uj 



f iuj) = det 



Jo 27r2'« "Pk 'EJp~iEl) 
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Jo 
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dk . 2.„2 (Vki^'Y 
dk j„2,„2 El+{^k- 



fk- 



-fj.) -ui{ek-ti) 



0, (8) 



where Ue/f {uj) = U+ujg^ [uj {uj + 2fi - j/q) - |i^oP/4] . 
Here, the integrals in the diagonal elements are automat- 
ically renormalized since Ueff{uj) scales as ^U^fj {w), 
where f/°y^(w) = Uq + ujgi/[uj{uj + 2pi - v'^) - /4] 
with v'q^vq+ Vgl/Uc- 

Before examining / {uj) in detail, we first make a re- 
mark. As we have mentioned, our dark state reduces 
to a pure BCS state in the limit ^o/go^/n — > oo. In 



this case, Ueff Uq, which is independent of uj. As is 
known [1^, the collective excitation spectrum of a BCS 
state contains a continuous part and a discrete mode ly- 
ing just below the continuum threshold at 2A^. Due to 
the coupling between discrete (molecular) states and the 
continuum (atomic) states, the problem at hand bears 
much resemblance to the energy diagonalization of the 
Fano- Anderson type of Hamiltonians in linear atomic and 
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FIG, 2: (Color online) The sections of / (uj) containing the 
low frequency root (left column) and the high frequency root 
(right column), (a) and (d) are for i/o = —4,32 Ep, (b) 
and (e) are for — —2,88 Ep, and (c) and (f) are for vq — 
0,00 Ef- Other parameters are the same as in Fig, [T] 



condensed matter systems , In analogy to these prob- 
lems, such discrete-continuum coupling may lead to dras- 
tic modifications to both parts of the excitation spec- 
trum. Mathematically, this coupling gives rise to in- 
dependence in Ueff and introduces extra poles in f{uj). 

We now examine the spectrum by finding the roots of 
Eq, ([5]), Since /(w) is an even function of w, we only con- 
centrate on the positive-frequency branch. The function 
of f{uj) is plotted in Fig,[l The left panel [Fig, [D^a)-(c)] 
shows the low-frequency part. Here, just as in the pure 
BCS model, one isolated mode lies not far below the con- 
tinuum threshold. As the free-bound detuning becomes 
more negative, this mode decreases and shifts further 
away from continuum. In the right panel [Fig, [2jd)-(f)], 
we show the high-frequency part. Here, the vertical lines 
are the poles determined by lu — 2Ek at discrete mo- 
menta. Typically, a single root is trapped between two 



adjacent poles. These roots will form a continuum. This 
pattern of root distribution is, however, broken in the 
region indicated by the arrow, where two roots exist be- 
tween two adjacent poles. In the continuous k limit, one 
of the two roots joins the continuum while the other one 
becomes part of the discrete spectrum. The two discrete 
modes (one shown in left and the other in right panel) 
are the ones that determine the dynamical population 
oscillation shown in Fig, [Ijb)-(d), while the contribution 
from the continous part of the spectrum, due to the de- 
structive interference, may lead to power-law decay of 
the oscillation at a longer time scale [H, [ll| . 

In summary, we have shown that it is possible to 
construct a macroscopic atom-molecule dark state in a 
fermionic superfluid. The superfluidity of the fermionic 
atoms is a necessary ingredient for such a state. There- 
fore characteristics of the dark state may serve as a di- 
agnostic tool for Fermi superfluids. Via direct dynamical 
simulation, we have shown that the dark state is quite 
robust. By perturbing the state, we are able to generate 
coherent oscillations reminiscent of the oscillating cur- 
rent across Josephson junctions. A remarkable feature 
here is that the population oscillation occurs between 
the ground molecules and the BCS atom pairs, while the 
excited molecular population remains highly suppressed. 
This has the obvious advantage of preserving the atom- 
molecule coherence for a time much longer than the ex- 
cited molecular lifetime. Thus, this technique has the 
potential to increase the sensibility in interference-based 
high-precision measurements. In particular, the low fre- 
quency mode is directly related to the gap parameter A" 
and measurement of this frequency will allow us to gain 
insight into the atom-atom and atom-molecule interac- 
tions as they will strongly affect A". 
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